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An upwind compact approach with group velocity control
for compressible flow fields
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SUMMARY

In this paper we construct an upwind compact finite difference scheme with group velocity control for
better simulation of compressible flow fields. Compared with traditional difference schemes, compact
schemes have higher accuracy for the same stencil width. By means of the characteristic analysis
of the operators, the group velocity of wave packets will be controlled to suppress the non-physical
oscillations in numerical solutions. In numerical simulation of the 3D compressible flow fields the third-
order accurate upwind compact operator is used to approximate the derivatives in the convection terms
of the compressible N—S equations, the traditional finite difference scheme is used to approximate the
viscous terms. Numerical solutions indicate that the method is satisfactory. Copyright © 2004 John
Wiley & Sons, Ltd.

KEY WORDS: upwind compact finite difference method; group velocity control; shock capture tech-
nique; non-physical oscillations; TVB property; compressible flow fields

1. INTRODUCTION

In recent years, a number of high-order accurate finite difference schemes have been devel-
oped for better simulation of the complex flow fields. The key point for correctly simulating
the complex flow fields with a range of scales is that the method can capture well the vor-
tices with small scales and shocks. Traditional second-order total variation diminishing (TVD)
schemes have high resolution of the shocks. However, there are some undesirable defects.
First, these schemes drop to first-order spatial accuracy at local extreme. Next, when it is
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464 Q. ZHU AND Y. LI

used to solve the viscous flows especially to solve the problem at high Reynolds number, the
numerical dissipation may exceed the physical dissipation. It leads to unsatisfactory results.
Fu and Ma [1] pointed out that the restriction on the mesh Reynolds number can be relaxed
with higher accurate schemes. Therefore, it is necessary to develop high-order accurate finite
difference schemes. For the traditional two-level explicit schemes, we have to use at least
(N+1) nodes to achieve Nth-order accuracy. When N is large, the stencil is surprisingly wide,
thus neither compact nor efficient. Furthermore, the treatment of boundary is also difficult.
Consequently the number of numerical boundary conditions is increased. Meanwhile many
existing schemes with high resolution of the shock are complicated and expensive. Due to two
attractive features of the compact schemes and upwind compact schemes: high-order accuracy
and small stencil, these schemes become popular in CFD area. Compact schemes are methods
where the derivatives are approximated not by polynomial operators but by rational function
operators on the discrete solutions.

In previous papers, Leonard [2] suggested using a third-order upwind difference for the
convection term in the hyperbolic equations. In Reference [3], Rai and Moin presented sim-
ulations of a turbulent channel flow by using a high-order upwind biased finite difference
scheme. Ma and Fu [4] developed a high-order accurate upwind compact scheme, which has
been successfully used to simulate the compressible mixing layers. In 1992, Lele [5] inves-
tigated the compact finite difference schemes with spectral-like resolution and simulated the
mixing layer with the schemes. In 1996, E and Liu [6] used the compact schemes to simu-
late the incompressible flow. The computed results are satisfactory. In 1998, Zhu and Ma [7]
developed an upwind compact scheme to solve the hyperbolic conservation laws. Chu and
Fan [8] studied a three-point combined compact difference scheme. The major features of this
scheme are: three point, implicit, sixth-order accuracy, and inclusion of boundary values. Due
to its combination of the first and second derivatives, the scheme becomes more compact
and more accurate than normal compact difference schemes. In [9] Yabe et al. presented a
universal solver for hyperbolic equations by introducing a function interpolated by a cubic
polynomial between two end points. They introduced a review of the constrained interpolation
profile (CIP) method for solid, liquid, gas and plasma. This method has a compact support
and sub-cell resolution, including a front-capturing algorithm with functional transformation,
a pressure-based algorithm and other miscellaneous physics such as the elastic-plastic effect
and surface tension. In these two methods, only two grids are necessary for the 3rd order and
three grids for the 5th order. However, these schemes are very complicated and expensive.

The purpose of this paper is to develop a simple and effective numerical method for better
simulation of the complex flow fields with shock waves. The reason of oscillation production
in numerical solutions is because of non-uniform group velocity of wave packets. In order
to improve the shock resolutions we propose a high-order accurate upwind compact finite
difference scheme with group velocity control. We follow the TVD ideas and try to control
the group velocity of wave packets to avoid spurious oscillations while keeping the formal
accuracy of the scheme. Notice that the compact scheme is global due to the tri-diagonal
inversion. By means of the idea of a local mean we construct an upwind compact scheme with
group velocity control to calculate the discontinuities. The scheme can keep the third-order
accuracy in smooth regions. The implicit time discretization is used in this investigation. The
characteristic analysis of the operators is given in Section 2. The upwind compact operator with
group velocity control (UCGVC3) is analysed in Section 3; The applications of the methods
to approximate the N-S equations are presented in Section 4, some numerical examples and
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SIMULATION OF COMPRESSIBLE FLOW FIELDS 465

computed results of the model equations are given in Sections 5. The numerical simulations
of compressible flow fields are given in Section 6.

2. CHARACTERISTIC ANALYSIS OF OPERATORS

Consider the one-dimensional unsteady advection of scalar u with constant positive velocity a.
u, + au, =0 (1

The solution with the initial condition u(x,0)=uo(x) is u(x,t) =uo(x — at).
To facilitate the discussion, let L denote the approximate operator of the spatial differential
operator d/dx. h~!-L~d/dx. Analyse the following equation,

v, + (a/h)Lv=0 (2)
Here the same initial condition is used. Making a Fourier transform about variable x, we get

where L(£)eC is the symbol of L.

Definition 2.1 (Dexun Fu and Yanwen Ma [10])

The operator L with a- Re[i(i)] >0, V|¢| < is dissipative, and with a - Re[l:(é)] =0, V|¢|<n
it is non-dissipative. Let %; denote the set of dissipative operators. %, denotes the set of
non-dissipative ones.

Definition 2.2 (Dexun Fu and Yanwen Ma [10])

The operator L with d Im[L(&)]/dé<1, V|¢|<m is a slow operator. Let %, denote the set of
slow operators. The operator L with d Im[L(&)]/dé=1, V|E|<m is a fast operator. % denotes
the set of fast operators. If 37> ¢, >0, The operator L with d Im[L(&)]/dé>1, V|¢| <& and
dIm[L(E)]/dE<], Vée[—m, —E U, ] is a mixed operator. %, denotes the set of mixed
operators.

In approximate solutions non-linear dependence of Im[L(¢)] on ¢ leads to non-uniform
group velocity of wave packets. The reason of oscillation production in approximate solu-
tions is non-uniform group velocity of wave packets. In order to prevent the non-physical
oscillations in the vicinity of the discontinuities the group velocity of wave packets must be
controlled. Therefore, the operator L must satisfy the following conditions:

I: Behind the discontinuity, L€ % N(LyU &) or L€ LN Py
II: In front of the discontinuity, L€ %N (LU Zy).

Given v(x), x€R' and a positive parameter 42> 0. E, is a shift operator such that (E,v)(x)=
v(x + h). The operators of 8, d,, 62, 62 are defined as

Ofi=E,—IL o7 :=1-E; ", 06\ :=130}+0d), 06 :=0dl0; =0;0] 4)

Here / is an identity operator. The subscript x indicates that the operator is applied in the x
direction.
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The symbols of the operators &, d;, 60, 62 are

A

T =cosé—1+isiné, 5;:1—cos§—|—isin£
52:%(5j+ﬂ;):isiné, =616 =2cosé—2
where —n<é<m, i2=—1. It is easy to prove the above facts.

Theorem 2.3
If 6>1/6, L=03° — 66262 + 0.500202 is a mixed operator, L€ L N Zy.

Proof
Making a Fourier transform, we get the symbol of L.
=09~ 66°2 +0.56526> =isin & — ig sin &2 cos & — 2) + 0.50(2 cos & — 2)?
=20(cos & — 1)? +i(sin & 4 20 sin & — 26 cos & sin &)
In terms of the Definition 2.2, if 4¢ cos? ¢ — (1 +20)cos & — 20 + 1<0, dIm|L(&)]/dé=1. If

o>1/6, 3¢ =arccos((1/40) — 1), when |&[ <&, we have

dIm[L(E)]/dE=1. —n<ES & or &<ELT,
dIm[L(£)]/dé< 1. Hence Le Ly,

On the other hand, a - Re[i(é)] =2a-a(cosé —1)2>0, V|¢|<n implies L€ .%;. Therefore,
if 6>1, Le Znn Zs. =

Similar to Theorem 2.3, we have the following theorem.

Theorem 2.4

L=00+ 6620 4+ 0.500202, $=>0>0 is a slow operator, L€ LN (LyULy).

Proof

The proof is similar to the above theorem and is thus omitted. |

The stencils of the operator L can be expressed as

a>0
_
j—=2 j—1 j Jj+1 Jj+2
X X ® X
Behind the discountinuity, L = 67 — 60%5% + 0.56030;,0 > +
X ® X X
In front of the discountinuity, L = & + 630; + 0.560367,% > 0 > 0
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Given v; =v( jh), jeZ, we have

(1/h)(8) — 66007 + 0.560707 )v; =(1/h) [6v,—2 — (3 +30) v;—1 +30v; + (3 —0) v;11]  (5)

where 6> 1. If ¢ =1, we get the three-node second-order accurate upwind operator (1/4)L(v;)

= (1/2h)(0) 2 — 40,1 + 30))
(1/h)(8) + 6000} + 0.560;07 )v; =(1/h) [— (3 + ) vj—1 + 360, + (3 — 36) vje1 + vj12]  (6)

where 1 >¢>0. If 6 =0, we get the central difference operator (1/h)L(v;)=(1/2h)(v;11—v;_1).

We can see that the mixed operators (1/2)L = (1/h)(60 — ad0% 4+ 0.500202), 6> ¢ and the
slow operators (1/h)L = (1/h)(60+66202+0.56626%), >0 >0 are second-order accurate biased
difference operators. They occupy the nodes of (j—2,j—1,/,j+1)and (j—1,/,j+1,j+2),
respectively. Actually TVD scheme is a kind of adaptable methods, the three-node second-
order accurate upwind operator, (1/4)L(v;)=(1/2h)(v;—»—4v;—1+3v;) is employed behind the
shock, in front of the shock the central difference operator (1/4)L(v;)=(1/2h)(vj11 —v;—1) is
used. It is implemented by a minmod function. We follow this idea and construct an upwind
compact method with group velocity control. This method satisfies the TVB property. The
mean 7; :=Av; = (3 +&)v;—1 + 30;+ (3 —&)v;41 of v; is used to replace v;. Here 4 is a N x N
matrix. The above-mentioned operators are applied on ;. Under appropriate conditions TV(7)
is diminishing. 4 recovery from v; to v; is needed. If the transpose of 4 is strongly diagonally
dominant, we will see that TV(v) is bounded.

3. THIRD-ORDER ACCURATE UPWIND COMPACT OPERATOR WITH GROUP
VELOCITY CONTROL (UCGVC3)

3.1. One-space dimension

For the conservation form,
u+ f(u),=0
u(x,0)=uo(x)

(7)

Consider the semi-discrete form, a compact scheme for solving the equation can be ex-
pressed as

Y (7B ) = L) ©

where 4, B are both local operators. The tri-diagonal inversion 4~! is not local. Here 4 =1 —
2600 + 102, B=0" — 2602, (—3 <e<1). We define

67X

il = Auy = (g + &) i+ 3u;+ (5 — &) (92)

Buj = (3 —2&) uj1 + 4eu; — (5 + 26)u;— (9b)
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The scheme (8) can be expressed as

du; 1
=5 (00— 268 f(w), (10)
To avoid spurious oscillations while keeping the formal accuracy of the scheme we employ

a switching function ‘¢;” [11],

1 |1 — 2uj 4w
T 0.5(fuj — uy| + up — wj—g|) + 05wy 4 2u; 4 u; 1|

¢ = (11)
’ |ty — 2u; + uj |

0.5(fuju1 — uj| + |uj — uj—1|) + 0.5[ujpy + 2u; + uj— 1|

b

where « is a threshold. ¢;=1 in the vicinity of shocks and ¢; =0 in smooth regions. The
switch function ¢; can guarantee that the obtained scheme is O(h*) in smooth regions.

In accordance with Theorems 2.3 and 2.4 the upwind compact scheme with group velocity
control can be constructed as follows (o= %),

di;

1 . _
o =5 L) = o (f () = @I+ zh L - ssjad?in] — - 02y - ad%i]

4h x
£ 22 R0, — oS ), — F(@))] (12)

where ¢- f'(u) >0, —1 <e<i, a= max|f'(u)|. ss; =sgn(6u; - 62i1;) is called shock structure
u

function in the present paper. The recovery from u to u is needed, u; = (I — 260 + %5)%)*112,-.
This recovery is global.

Theorem 3.1
Semi-discrete Scheme (12) satisfies the TVDM property (total variation bounded in the means)
in the vicinity of discontinuities:

d.
3 V(@) <0 (13)

Proof
In the vicinity of discontinuities ¢; =1, consider the following four cases,
Case 1: ss;,1 =ssj_1 = 1, Semi-discrete form (12) can be rewritten as

duy; 1 _ 1
dil.‘l = h ]+1/25+I/I] h 1/25 uj
= L (a M + 4 M>5+_
2h Ujp1 — U i1 — il

Uiy — Llj,I

Uj — uj—

J(@); — f (@) iy — il J@); — fG)j—1] -
2h[ u’ u,lj (2-1 = >+4s J Loy (14)
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where

! _1<a_f(5‘)j+1 f(”);), 2 — e f@@)j — f(u);

+12 7 5 +1/2
2 Ujp — U sl Ujr — U

Uj —Uj—1

o _ 1 [f(“)/ S (@)1 (2_5‘/’—1@/—2)} C2,=2 f(@),; — f(@);-1

1272 U —ilj_ 2 Uj = tj-

Obviously C+]/2>O C+,/2>0 G- 1/220
If uj*l - uj72/uj - ujfl <O, C'j_,ll/z 20
If w;_y —itj_»/u; —it;—; >0, the condition

_ 0= 2-
s58;_1 =sgn(d, ity - O5il;—1)sgn

[(dﬁ@‘l)z - (5xﬁjl)2] 1
5 —

implies |if; — il;—i| > |ilj— — il;—»|. Therefore, i1, —it;_»/it; —it;—; <1,

o B 1)

+,1 +.2 - -1 -2
In this case C‘J+1/2 C]+1/ C‘]+1/2>0 C Cin= C/_1/2+Cj._1/2>0,

Case 2: ssj,| =ss;_; = —1, Equation (12) can be rewritten as
du; 1

1
ar  h j+1/2‘3 uj — 7
_ i [f(”_‘)jﬂ - .{(ﬁ)j +a (2 B L_(i+2 - ﬁ{+l) 1 dg .f(ﬁ2j+1 — f(u)j:|5+—

j_— 1 /25x_ L_‘J

2h L_ljJrl —Uj Ujrl — Uj Ujr1 — Uj
1 7). 77 - i i
_ L@ = @i g, S = S@i ] (15)
2h Hj — u_j—l u/ u.f_l
where
Gita = [ LSO (5 )] s, ST =@
j+12 7 o Ui — U Ujpr — Uj e Ut = U

ot (LD ) 0, SO SO

— J— U: — U
u uj 1 Uj Uj—1

Obviously C;- 1/220 C 1/220 Cj+1/220
If u,+2—u,+1/u,+1 i; <0, Cj+1/2 =0.

If itj0 — it /itj1 — uj>0 the condition ss;;; = sgn(o! uﬁl 0%it;1)=—1 implies
|itjro — ilj1| <|thjp1 — itj|. Therefore, w10 — iljy1/itjp —il; <1,

ch! —1 a— M—i— (1 ”J+2_uj+l)] >0

A E) i) — Ul U1 — Ul
1 +.2 -
In this case C/,, =C}|, 4+ C/1,20, C_ ,=C 2}, +C{,>0
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Case 3: ss;_1 =1, ss;41 =—1, Equation (12) can be expressed as
du; 1 _ 1
(th =7 ,+1/25+”/ 7 G120, 1

SO = [0 oy ) g SO @]

~ 2 { Ujpr — 1 jy1 — i Ujpr — i

f(u) f(u) —1 i1 —Uj_s f(u) f(u) T
o PO a2 Bt ) e T e
where
f(ir) S i) Ujpr — U S@) — f(u);
= 2[ B e LI CRE e I

S); — f(u);— ta <2 7 t_tj_—l — ﬁj—z)] , Cf’z/z 9 S@); — f(u)j—

-1

C o, ==

j—1/2 0. Jj— 0. — 1.
2 i —ij_y U; — uj_1

Obviously C+1/2>O G- 1/2/0
If dtj0 — it /ity — 1; <O, Cj+1/2 =>0.
If ;o —itj1/itj1 — i1; >0, the condition ss;, —sgn(éouﬁrl 02i1;11)=—1 implies
|itjy2 — ij41| <|itjy1 — it;|. Therefore, u; r — itjy1 /i1 —it; <1,

cH! 71 |:a f(”)H—l f(u)/ +a (1_ ”1+2“1+1)] >0
2T U1 — Ul Uiy — i
If @y — i »/it; — it; 1 <0, C;2},, 0.
If @y —@t;_»/a; — i1, >0, the condition ss;_ =sgn(6%u;_; - 62i1;—1) =1 implies
it —itj—y|>|uj—y — itj—»|. Therefore, it;_ —it;—r/u; —i1;—1 <1,

C_f/z—z [a —f(”)’ S +a(1 U 2)} >0

leuj_l I/llfl/l] 1

+,2 — -1 -2
In this case C;;l/Z CH/Z—}—C]H/QZO Clip=Cp +Cp=0.

Case 4: ssj_y=—1, ss;11 =1, Equatlon (12) can be rewritten as

1
T Clripdiity — A
(LS o S @)

dii; 1 e
T ;—1/25x uj

Ujil — U Ujt1 uj
[f(”)fJf(”’)fl+ +48f(),f(u),1} 7, (17)
2]’! iy —ilj_ Uy —uj

Obviously C/,,,>0, C;_,,>0
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The TVDM property can be derived immediately in terms of the above results. O0

For the N x N matrix A:

1
A=]0 0 l4e 2 1 0 0 . —y<e<s (18)

0 0 0 0

N XN

(Strongly diagonally dominant for the transpose of 4), then the L; norm of A~' is bounded
independent of N. We can prove the following facts:

LIf —l<e< — 4 |47, <3/2(1 + 3e).
2. If —f<e<y, 47", <3.
3.00IF L<e<d,|lA71 ), <3/2(1 - 3e).

Hence TV(u)= 3, |uir1 —ui| = 32, [A i =A™ @ <A™ 0, 3, [y — it <[| A7 |z, -TV(@®).
The total variation of the numerical solution is bounded. The upwind compact approaches
of the first derivative operator (Dv); :=dv/dx can be formulated symbolically as

100t :=h"AT'B=h""(I — 2600 + £62)7"(8? — 2¢6%) (19)

where a - £=0, —% <£<%. If ¢#0, it achieves the third-order accuracy. If ¢=0, it has the
fourth-order accuracy. It can be easily computed by the sweeping method.
If e= + {, Equation (12) can be rewritten as

du; 1 1
(th = “h 5§’1/6[f+(u)j - (Pj(f+(”)j - f+(A+u)j)] + ﬁAlléf[(Pj '55105§A+uj]
1 | _ _ _
- @Alléf[% -adiAu] — 7 0 USLF(u)y — @i (f () — f(A_u);)]
1 1
+ ﬂA:%S;’[q,j - ss;a0*A_u;] — EA:léf[goj -ad?A_u;] (20)

where f= = f"*u;, f"* = f' £ | f'|/2. The operators A, and A_ satisfy A u;=%u; + }u;,
A_uj=3u; + ju;.1, respectively.
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To facilitate the calculation the above scheme can be simplified as
dy _ 1

dt h
where ¢~ O(1), s5; = sgn(d%u;0%u;).

The approximations for the first derivative at boundary nodes can be obtained from the
given relationships. Generally speaking, the approximations are one-sides and drop to lower

order accuracy. Sometimes the approximations can be obtained from the actual states of the
flow fields.

1 o o
5;’1/6f+(u), % 5§’71/6_f7(u), + o 5)?[(pjssja5fuj] ~ 1 5?[@,a5§u,-], a>0 (21)

4. DIFFERENCE APPROXIMATION OF THE N-S EQUATIONS

The 3D dimensionless compressible N—S equations for the perfect gas in the vector form can
be expressed as

00 oF O0F 0F O0F, O0F, O0F3
ata Tt a Ty T
where the terms on the right-hand side are the viscous terms and Fi, F> and F; are the flux

vectors corresponding to the x, y and z co-ordinate directions, respectively. Consider the N—S
equations in general co-ordinate ({,7,¢)

67Q~+67F~'1_’_87F~‘2 @_aﬁvl aﬁﬂ 6ﬁv3
o0& an 0o ¢ 0y g

(22)

(23)
where

0=J7"'0, Fi=J'"[&R+ &R +ER] B=J"[nF +nF +n.F]

By =J""¢.Fy + ¢,F + ¢.F]

Fy =T [&Fn + &R+ &Rl Ep =J7'[uFy + nyFa + 053]

Fis =J [gF + ¢ Fa + ¢ Fis)

J = Vlxe(yyze = yezy) — Xy(veze — yeze) + X (yezy — yyze)]
The flux vector splitting technique, F, zﬁﬁ +1*:,_, [=1,2,3, is used for the flux vectors [12]
FE=4F0, AF=S7'AFS, 1=1,2,3 (24)

where A; is the Jacobin coefficient matrix corresponding to the flux vector F;, S; is the matrix

consisted of the left eigenvectors of the matrix A, Ali is the diagonal matrix with elements
i,i, and /"L,i are eigenvalues of the matrix 4,.

The implicit method is used to solve this problem. Let AQ = Q"' — 0", we have

At ~
1+ 5 (85A1 + 5,7A2 + (3;A3) AQ=RHS (25)
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Jacobin coefficient matrix 4; (/=1,2,3) can be split as

MATY=Vi—ci, A7 =MA7), Af =4, — A7
, =123 (26)

A7)=0 if Vi—c;>0

where Vi = Cu+ S v+Ew, Vo znxu+nyv+nzw, Vi=cutcyotewand cp=c, /G + &+ &,
c=c\/n2+ni+nk cs=cy/ci+¢3 +¢2 cis the local speed of sound.

The backward difference operator is used for the matrix 4; (/=1,2,3) with the positive
eigenvalues, the forward difference operator is used for the matrix with the negative eigen-
values. By using the approximate factorization we have

I+ fééAf + g5,TA; + h5§A§)AQ~”+1/2 — RHS
) 3 (27)
(I + fO7 A} + gd, AT + hd: A7 )AQ™ ! = A0

where f=At/2A¢E, g=At/2An, h=At/2A¢. The above equation can be calculated by the

sweeping method. This procedure can be simplified due to the special matrix-splitting scheme.
The right-hand side of the equation can be expressed as

RHS = RHS; + RHSy; + RHSy

AV At o 16 p At ey JAV Sy
RHSI Aé 5g E Lijk Aé 5& F'l ijk A 5 FVZ Jijk A’,, 5 F‘Z ijk
At ., At o en
A" 5 1/6F3+zjk - E 5> 1/6Fé ijk
At At At =
l{HSII - E 52}711 ijk + — A 5 FL2 Lijk + — AC 52F03,ijk

At , ~ At . ~
RHSy; = AC 052[¢¢(Pijk)SSé(szk)W(ijk)|5§Qijk] NG 052[(pﬁ(pi.ik)Mf(Uk)‘5§Qijk]

At A
+ An 050[¢n(ptjk)SSn(Ptjk)l/Ln(Uk)‘5 ka Uéz[ﬁ”n(ﬂjk)‘/“n(uk)m ka

At ~ At ~
+ E 052[% . z:jk] - 2Ac 05§[<P;(Pz;/'k)|/1ﬂ ijk)|Oc ijk] (28)
where 6¢="¢, 50% and 6F® are upwind compact difference operators and satisfy the

following relations,

2 56.1/6 fi+ 1561/6 fit _1p+ 2 o+ 50+
’5“ Fl Jijk + 55 Fl i—1jk — 6F1 i+1jk + §F1,ijk - EFl,ifljk’ .
(i=1,2,....1 —1)

— 2 1p-—

156 —1/6 2 56, —1/6 fr— 5 o—
5 F1+ljk+ 5 F‘lljk F Lijk = 6" 1,i—1jk

Li+ljk — 3

(29a)
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2 sc,1/6 [+ 15c,1/6 7+ _ 15+ 20+ 5+

35'1 F2,ijk + 35n F2,1'j—1k - 6F2,ij+1k + 3F2,1'jk er,i_/—lks )

1 1/6 /3 2 1/6 5 5 20 17 (j=12,...7=1)
c, — — 2 56— - _Sp— _2p— _ 1p-

5511 Fz,ij+1k + 35;7 Fz,ijk - éFz,;ij 3F2,ijk 6F‘2,ij71k

(29b)

2 s, 1/6 Bt 15e,1/6 57+ _ 15+ 25+ Sp+
35; F3,ijk + 35c F3,ijk71 = 6F},ijk+1 + 3Fs,ljk 6F'3,ijk71’
ik 1 A S Ao
3

15c,—1/6 2 sc,—1/6 _ — 1
3007 PFy e 1 505 30k = ol 3.k~ 643 ik—1

% (k=1,2,.... K —1)
61 3,ijk+1

(29¢)

At the boundary points the second-order accurate one-side difference approximations are used
A6F  _(_3f 5 5
5; Fl,+0jk - (_3Fl,+0jk + 4Fl,+1 jk FIJ,ijk )/2
16— 5 5
5§ Fl,ljk - (3F1,1jk - 4Fl,1—1jk + F1,1—2jk )/2

55’1/6152,+i(>k = (_3FE,+iOk + 41*:231/( - Fzﬁ'zk)/z (30)
Oy VO = By = 4F By )2
0 VOF g = (=3F3fy0 + 4F5fy) — Ffyp)/2
55’71/6153;% = (3153,_;j1< - 4153,_1/1@1 + ﬁ3,7jj1<—z )/2
o, £1/6 fit
AT
method.
Qe pij), @4(pi) and @.(p;) are switch functions, which are similar to formula (11).
They can guarantee that the obtained scheme is O(A?) in smooth regions and the group
velocity of wave packets can be controlled near the shocks. ss:( p,»jk):sgn(ég@ Dijk - 5? Dijk)»
58y ( pijk) = sgn(0} pije - 0) pije) and ss.( pijk) = sgn(02 pijic - 0° pijk). Aciijiys iy and Ay are
the maximum eigenvalues of 4, (/=1,2,3). p;x denotes the local pressure at node (i,j,k),
g~ O0(1).

55’,:&1/6ﬁi

5k and 5§’i1/ 615311 k. can be obtained by the alternating direction sweeping

5. NUMERICAL EXAMPLES FOR MODEL EQUATIONS

To test the behaviour of the method, we consider the following examples.

Example 1
Pulses, wave packets and wave fronts.

In order to test the central compact difference operator is a slow operator we compute a
pulses. For a direct observation of group velocity, it is simplest to look at a wave packet
as in Figure 1. The region shown is the interval [0, 10], on which a mesh of size #=0.025
has been placed. The initial packet is several sine waves modulated by a Gaussian centred at
x=0.5, with the different wave-numbers,

u(x,0) = e 16095 (sin 10mx + sin 207x + sin 307x)
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Figure 1. Propagation of wave packets with different wave numbers (5, 10, 15) under u; + u, =0.
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Figure 2. Propagation of wave packets with ¢ =0.05.

The fourth-order accurate central compact difference operator is employed. The third-order
R—K time discretization is employed. In order to reduce the effects of the time discretization,
the CFL number is small. Here A¢#/Ax=0.01. Figure 1 shows that the numerical solutions at
the time #=15. We can see that the wave packets move not at the ideal velocity 1, the centre
of the group of waves is not at x =5.5. The central compact difference operator is a slow
operator.

Higher wave numbers have lower group velocity and lag behind this position, the low
wave numbers travel at velocity nearly 1, as they must. The dispersion of the waves occurs.
Figure 2 shows the numerical results with ¢ =0.05. We can see that the higher wave numbers
have been damped due to diffusion.

Example 2
The propagation of discontinuity.
Consider the following equation:
ou  ou

o ox

(PR
AYAR/AN
W= W=

1,
The initial condition is u(x,O):{O
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Figure 3. Numerical solutions of Example 2.

We will test the upwind compact method with group velocity control. We have known that
the TV of this scheme is bounded in the semi-discrete form. Under the appropriate restriction
on the time step this method satisfies the TVB property.

Here At/Ax=0.1. and IN=201, 0<x<1. Figure 3 shows that the numerical solutions at
t =500A¢ with different ¢, (e=0,6=0.01,6=0.1,6=0.25), respectively.

We can see that the oscillations occur behind the discontinuity with small ¢. The numerical
oscillations will happen in front of the discontinuity as ¢ increases. Here the solution function
consists of the waves with different wave numbers. When ¢ =0, the compact operator is a slow
operator. The group velocity dlm[(i‘;(é)]/dé <1, V|¢|<m, the propagation of the wave packets
is slower than the velocity 1. The dispersion of the waves occurs behind the discontinuity. With
the increment of ¢ the upwind compact operator becomes the mixed operator. The oscillations
will occur between the two sides of the discontinuity. Here Figures 3(a)—(c) show that the
oscillations occur behind the discontinuity. Figure 3(d) shows that some spurious oscillations
occur between the two sides of the discontinuity. Figure 4 shows the numerical solutions
of the equation by using UCGVC3. The numerical oscillations are suppressed. The result is
satisfactory.
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Figure 4. Numerical solutions with UCGVC3.

Figure 5.

Example 3
Consider the following two-dimensional linear conservation law with variable coefficients:

ut+(_yu)x+(xu)y:05 —1<X,y<1

with periodic boundary conditions. The initial condition is chosen as the characteristic function
of a circle of radius 0.5. The governing equation denotes a solid body rotation. The results
at =2, using 200 x 200 points, is shown in Figure 5(b). Figure 5(a) shows that numerical
oscillations occur in the vicinity of the discontinuity when the group velocity is not controlled.
By using UCGVC3 we derive a satisfactory result. The numerical oscillations have been
eliminated.

6. NUMERICAL SIMULATIONS OF COMPRESSIBLE FLOW FIELDS

6.1. Heat transfer problems

6.1.1. Boundary conditions. In order to demonstrate the performance of UCGVC3 we sim-
ulate the compressible flow fields around a sphere. The non-skip condition is used on the
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Table 1.
Method Mesh Reynolds number Numerical solutions Fay—Riddell’s estimates [13]
UCGVC3 12.46 351 %1073 3.83x 1073
9.56 3.63x 1073
7.15 3.73x 1073
458 3.83x 1073
TVD 12.46 1.70 x 1073
9.56 220x 1073
7.15 268 x 1073
458 3.15%x 1073
O C
Q 20
6/"1‘“[ o Cone
20
Cylinder
R3i=0.6 R:=0.2 /
|
Rh =10 0. 3035
J X
X =00 X =0.85 X=17

Figure 6. Geometric shape of re-entry vehicle.

surface of the sphere. The free stream conditions are used at the inflow boundary. p, pu, pv,
pw, e at the outflow are obtained from extrapolation of the interior nodes.

6.1.2. Numerical results and discussions. We simulated the flow fields around a sphere
and calculated the heat transfer at the stagnation point by UCGVC3. The inflow conditions
are: Mo, =17.0, Re.o =148 x10°, T,. =67 K, T,, =300 K. The grid system with 19 x 31 is
employed in the present computation. Table I shows the numerical solutions obtained by
UCGVC3 and TVD in the same grid system. Compared with the TVD scheme, UCGVC3
can be used to obtain the better numerical solutions at the higher mesh Reynolds number.

6.2. 3D Compressible flow fields around re-entry vehicle

6.2.1. Boundary conditions. In order to demonstrate the performance of UCGVC3 we simu-
late the 3D complex compressible flow fields around re-entry vehicles. The non-skip condition
is used on the surface of the spaceship. The circumferential mean values around the symmet-
rical axis are used. The symmetrical conditions are employed in the symmetrical plane. The
free stream conditions are used at the inflow boundary. p, pu, pv, pw, e at the outflow are
obtained from extrapolation of the interior nodes.

6.2.2. Numerical results and discussions. The 3D viscous flow fields around re-entry vehi-
cles are very complicated. The shocks and three-dimensional multi-scale separations exist in
such flow fields. The aerodynamic heating also occurs on its surface. In order to capture the
shocks and the vortices with small scales, meanwhile, improve the stability of the difference
scheme we use UCGVC3 to simulate the 3D flow fields. The shape of the re-entry vehicle
is shown in Figure 6. It consists of two parts. Fore-body and after-body, which are cone
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Figure 7. Grid system.

(a) a = 10° (b) a = 20°

Figure 8. Pressure contours in the symmetrical plane.
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Figure 9. (a) Pressure distribution on the upwind surface (o=20°). (b) Pressure distribution on the
lee-wind surface (a=20°). (c) Heat flux distribution on the upwind surface (¢ =20°). (d) Heat flux
distribution on the lee-wind surface (o =20°).

and cylinder, respectively. The inflow conditions are: M., =7.0, Re,. =4.5 x 10°, T, = 67K,
Tyw=300K.

The grid system with 62 x 41 x 21 is employed in the present computation, as shown in
Figure 7. For comparison we also use TVD to simulate the 3D flow fields. The same grid
system is used. Due to simulation of the viscous flow fields the mesh near the surface of the
re-entry vehicle is refined. Figure 8 shows the pressure contours in the symmetrical plane. The
angles of attack are 10 and 20°, respectively. O, denotes the heat flux at the stagnation point
at the angle of attack 0°. Qy=3.94 x 103, which is close to the Fay-Riddell’s estimates.
Due to the discontinuity of the curvature at the shoulder of the re-entry vehicle a peak of
heat flux appears at the shoulder of the vehicle. The amplitude of the peak increases with the
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Figure 10. (a) Experimental friction curves on the surface (¢ =20°). (b) Friction curves on the surface
(TVD) (2=20°). (c) Friction curves on the surface (UCGVC3) (x=20°).

increment of the curvature of the shoulder. It agrees well with the experiment by Shih [14].
Figure 9 shows the distribution of the pressure and heat flux on the surface of the vehicle.
It has agreement with the results in Reference [15]. S denotes the arc length. S =0 and Spax
correspond to the apex of the vehicle and export, respectively. Ps denotes the pressure at the
stagnation point. Qs denotes the heat flux at the stagnation point. When the angle of attack
is 10°, 0,/Qos—0> = 1.21; the angle of attack is 20°, Q,/Qpy—¢o = 1.36, where O, denotes the
peak of the heat flux. Figure 10(c) shows the friction curves on the surface of the vehicle at
the angle of attack 20°, obtained by UCGVC3. For comparison, Figure 10(a) and (b) show
the experimental results and computational results by TVD, respectively. The tornado on the
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lee-wind surface of the cone has been clearly simulated. However, it is not obvious by the
TVD method. This is because of the over-dissipative effects of the TVD method.

7. CONCLUSIONS

In this paper we are interested in investigating an upwind compact difference scheme with
group velocity control, calculating the compressible flow fields. The purpose of the paper is
to consider the applicability of the newly developed method for capturing the shock and the
small structures in the compressible complex flow fields. Compared with the central compact
finite difference scheme, the upwind compact finite difference scheme is an upwind-biased
scheme, which is better for simulation of the 3D compressible flow fields due to stability. We
have proved that UCGVC3 satisfies TVB property. This scheme is used to simulate the 3D
compressible flow fields around a spaceship. It is useful for both capturing the shocks and
the vortices.
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